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We present a quantitative model for the evolution of single and multiple bubbles in the Richtmyer-Meshkov
�RM� instability. The higher-order solutions for a single-mode bubble are obtained, and distinctions between
RM and Rayleigh-Taylor bubbles are investigated. The results for multiple-bubble competition from the model
shows that the higher-order correction to the solution of the bubble curvature has a large influence on the
growth rate of the RM bubble front. The model predicts that the bubble front of RM mixing grows as h� t�

with ���0.3–0.35��0.02.
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An interface between two fluids of different density accel-
erated by a shock wave is hydrodynamically unstable. This
instability is known as the Richtmyer-Meshkov �RM� insta-
bility �1�. The RM instability plays important roles in many
fields, ranging from astrophysics to inertial confinement fu-
sion, and has many common features with the Rayleigh-
Taylor �RT� instability �2,3�, which is driven by a gravita-
tional acceleration. Since Richtmyer �1� first considered this
problem, it has received attention in a wide range of con-
texts, but many aspects of dynamics of the instability are still
uncertain.

The main purpose of this paper is to present a quantitative
model for both single- and multiple-bubble evolution in the
RM instability. Theoretical models for comprehensive de-
scriptions of the motion of bubbles are the potential flow
models proposed by Layzer �4� and Zufiria �5�. The key dif-
ference between the two models is that the velocity potential
in the Layzer model is an analytical function of sinusoidal
form, while in the Zufiria model it has a point source. The
Layzer and Zufiria models were originally developed for the
RT instability, and were applied to the RM instability by
several authors �6–12�.

The Layzer and Zufiria models succeeded in the predic-
tion of the velocity of a single-mode bubble in RT and RM
instabilities, but there were relatively large differences in the
bubble curvature between solutions of the models and nu-
merical results. Moreover, issues such as the dependence of
the bubble curvature on the density ratio, and the size of a
RM bubble relative to a RT bubble, are not fully clarified yet.

The author recently extended the Zufiria model to
multiple-bubble evolution of a RT instability of finite density
ratio �13�. One might expect that the model can be applied to
the RM instability with no difficulty. However, we have
found a surprising result: the Zufiria model in Ref. �13� gives
much higher growth rates for multiple bubbles in a RM in-
stability than the numerical and experimental results. We will
show that this discrepancy is due to the sensitiveness of the
RM bubble competition to the curvature, and that a quanti-
tative prediction for the bubble curvature is critically impor-
tant in the RM instability.

In this paper, we present a higher-order Zufiria model to
give quantitatively correct solutions for single- and multiple-

bubble evolution. Using the model, we investigate the differ-
ences of a single-mode RM bubble from a RT bubble, and
the dynamics of the RM bubble competition.

We consider an interface in a vertical channel filled with
two fluids of different density in two dimensions. The den-
sities of the upper and lower fluids are denoted as �1 and �2,
respectively. The interface in the vicinity of the bubble tip
can be written as

��x̂, ŷ,t� = x̂ + �
j=1

�

� j�t�ŷ2j = 0. �1�

The frame of reference �x̂ , ŷ� moves with the bubble tip with
the velocity U. We here take the approximation of the inter-
face �1� up to fourth order in ŷ. The bubble curvature is
denoted as �=−2�1.

The potentials of the fluids in the Zufiria model are taken
as

W1�ẑ� = Q1 ln�1 − e−k�ẑ+H�� − Uẑ , �2�

W2�ẑ� = Q2 ln�1 − e−k�ẑ−H�� + �K − U�ẑ , �3�

where k=2� /L is the wave number, and L the channel width.
The evolution of the bubble is determined by the kinematic
condition and the Bernoulli equation. The derivation of
higher-order equations for the Zufiria model is similar to the
low-order case �12,13�, and thus only the resulting equations
are given below.

Using Eqs. �1�–�3� and satisfying the kinematic condition
up to fourth order in ŷ, we have

U = c1Q1 = c̃1Q2 + K , �4�
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The second- and fourth-order equations in ŷ of the Bernoulli
equation are*sohnsi@kangnung.ac.kr
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where 	=�2 /�1 denotes the density ratio. The external ac-
celeration g is set to 0 for the RM instability. The expressions
for ci�H� are given in Ref. �13�, and c̃i�H�=ci�−H�. Equa-
tions �4�–�8� determine the dynamics of a bubble of finite
density contrast. Note that Eq. �6� is a new equation, and
Eqs. �4�, �5�, �7�, and �8� are the same as in the low-order
model �12�, except for the terms with �2 in Eq. �8�.

One can check that Eqs. �4�–�8� remain the same even
after retaining higher-order terms than the fourth order in ŷ,
and thus expansion higher than fourth order is not needed in
the Zufiria model. Usually, in other models, a higher-order
expansion contributes a corresponding correction to the
bubble velocity and curvature �7,9,11,14�. This is a crucial
difference of the Zufiria model from other theoretical mod-
els, and explains why the present model provides accurate
predictions for the bubble motion.

The asymptotic solution for a bubble in the RM instability
from the higher-order model is
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k�
 + 1�
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 − 1�

, �2 →
k3�
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+
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2� 1

kt
, K → U , �9�

where 
 is the root, larger than 1, of a cubic polynomial

p�
� = �18 − 2A�
3 − �102 + 42A�
2

+ �18 + 78A�
 − 17A + 3,

and A is the Atwood number, defined as A= ��1−�2� / ��1
+�2�. One can find that the root 
�A� of this polynomial is an
increasing function of the Atwood number, having the values
5.479 at A=0 and 8.289 at A=1. The asymptotic curvature of
a RM bubble thus ranges from 0.482k for A=0 to 0.425k for
A=1. The low-order model predicted that the asymptotic
bubble curvature of RM instability varied from 0.447k to
0.383k with respect to A. Therefore, the correction factor of
the curvature to the low-order solution is 10%.

A comparison of the solution of the RM instability with
that of the RT instability is an interesting and important is-
sue. The asymptotic solution for a RT bubble from the
higher-order model can be obtained by setting the external
acceleration g=const, and is given by

�1 →
k�
 + 1�
6�
 − 1�

, U →
�
2 − 1



� 2Ag

3�1 + A�k
. �10�

Here, 
 is the root, larger than 1, of a polynomial p�
�
=7
2−40
+7. From Eq. �10�, the asymptotic bubble curva-
ture is 0.480k, independent of the density ratio.

The higher-order solutions �9� and �10� give a different
conclusion for the bubble curvature from the low-order
model �12�. The low-order model predicted that the
asymptotic bubble curvature of RT instability was 0.577k,
independent of the density ratio. In the low-order model, the
asymptotic curvature of a RM bubble was smaller than that
of a RT bubble over all Atwood numbers, fixing the wave
number, and the quantitative difference of the asymptotic
curvature between two instabilities was relatively large.
However, their difference gets smaller after the higher-order
correction, and even for small Atwood numbers, the
asymptotic curvature of a RM bubble is nearly the same as
that of a RT bubble.

In Fig. 1, we compare the finite-time solutions for the
bubble curvature of the RM instability from the low- and
higher-order Zufiria models with the result of full numerical
simulations �15�, and a solution of the Layzer-type model
�9�. The finite-time solutions of the models are obtained by
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FIG. 1. Curvature of a single-mode bubble. The Atwood number
is A=0.7.
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integrating the equations numerically. The Atwood number is
A=0.7 and the channel width L=2� cm. The initial ampli-
tude and velocity of the interface are 0.5 cm and 0.8 cm/ms,
respectively. In Fig. 1, we find an excellent agreement of the
solution of the higher-order model with the numerical result.
We will show that, although the solution from the low-order
model is reasonably good for the single-mode case, the cor-
rection for the bubble curvature from the higher-order model
gives completely different results for multiple bubbles in the
RM instability. In Fig. 1, we also see that the solution of the
Layzer model has a large difference from the numerical re-
sult. The prediction of the Layzer model may be slightly
improved by adding higher-order terms in the equations, as
demonstrated by Goncharov �9� for A=1. Note that a higher-
order Layzer model for A�1 has not been developed yet.

There are some contradictory predictions for the bubble
growth among theoretical models. The multiple harmonic
model by Abarzhi et al. �11� predicts that the asymptotic
bubble velocity in the RM instability is U�3 /Akt, which
strongly depends on the Atwood number, and the bubble cur-
vature asymptotically tends to zero, contrary to the results of
the Zufiria and Goncharov models. The numerical results
�6,15� show that the asymptotic bubble velocity has a weak
dependence on the Atwood number and the bubble curvature
approaches a finite value at a late time. Abarzhi assumed that
the bubble velocity is the fastest solution with respect to the
curvature, in order to close the equations, and the generality
of this approach may be questionable.

The higher-order model is now extended to multiple-
bubble competition of arbitrary density ratio. The channel of
width L contains N distinct bubbles and the positions of the
bubble tips are Zi=Xi+ iYi, i=1,2 , . . . ,N, in the laboratory
frame of reference. The potential for multiple bubbles can be
constructed as the sum of the potential for each bubble
�5,13�. Satisfying the kinematic and Bernoulli equations with
the potentials, one can derive a 5N system of equations. The
derivation procedure is similar to the low-order model �13�,
and the expression for the equations is not given here.

Our model assumes that the bubbles do not move later-
ally, i.e., Yi=const, neglecting transverse effects due to
asymmetry around a bubble. Experimental and numerical ob-
servations �6,16� show that, in the bubble competition

process, the bubbles move mainly in the longitudinal direc-
tion and the lateral motion of the bubbles is negligible.

Initially, the bubbles in the channel are equally spaced
along the horizontal direction, and the longitudinal posi-
tions Xi are perturbed. The initial velocity and curvature
of bubbles are scaled as Ui=U0 /�N−1, �i=�0�N−1� , i
=1, . . . ,N, where U0 and �0 are given constants. For all runs
in this paper, U0 is set to 1 cm/ms and �0 to 0.5 cm−1.

The higher-order multiple-bubble model is first applied to
the three-bubble interaction as the simplest case. Figure 2 is
the result for the bubble position for N=3 for selected At-
wood numbers. The dashed curves correspond to A=0.9, the
solid curves to A=0.5, and the dotted curves to A=0.2. The
initial bubble heights are X1=X3=0.1 cm and X2=0. The
first bubble is identical to the third one, by the symmetry of
the vertical walls. Figure 2 shows that the initially higher
bubbles grow faster than the lower ones, while the lower
bubbles advance at early times, and after reaching maxima
are washed downstream with constant velocities. We observe
that, for smaller density ratio, the front bubble grows faster,
and also the lower bubble retreats faster.

Next, we run simulations for N=20 bubbles. Figure 3
shows the bubble positions for A=0.5 from the low-order
and the higher-order models for the same initial conditions.
Initially, the longitudinal positions of bubbles Xi are ran-
domly perturbed in the interval �0,0.01� cm. Figure 3�a�
shows that the bubble front from the low-order model has a
much larger growth rate, unlike the results reported in
�16–18�. In Fig. 3�b�, we see that the higher-order model
makes the growth rate of the bubble front decrease dramati-
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FIG. 2. Bubble position for N=3 for selected Atwood numbers.
The dashed curves correspond to
A=0.9, the solid curves to A=0.5, and the dotted curves to A=0.2.
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FIG. 3. Bubble position for N=20. The Atwood number is
A=0.5. �a� Low- and �b� higher-order models.
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cally. The curve h=at� with a=0.12, �=0.29 is fitted to the
front bubble. The coefficient and exponent of this curve are
calculated by least squares fitting, in the invariant regime of
the self-similarity parameter �, which will be defined shortly.
Figure 3 shows that the higher-order correction of the bubble
curvature has a large influence on the growth rate of the
bubble front in a RM instability. This implies that the dy-
namics of the RM bubble competition are sensitive to the
bubble curvature, and a quantitatively accurate prediction for
the bubble curvature is essential in the modeling of RM mix-
ing.

Figure 4 shows the result of the higher-order model for
the growth exponent � for the Atwood number A
0.5 from
several runs with different initial perturbations. The exponent
� in Fig. 4 has a range of �0.3–0.35��0.02. Linear electric
motor experiments in three dimensions by Dimonte and
Schneider �16� reported ��0.2–0.32 for 0.1�A�0.5. Full
numerical simulations by Oron et al. �17� gave ��0.35 in
two dimensions, and ��0.22 in three dimensions. Thus, our
result is in good agreement with the previous results. In Fig.
4, we observe a downward tendency of � with the Atwood
number. This behavior is also found in the results of the
drag-buoyancy model �18�.

Unfortunately, the higher-order model suffers from a nu-
merical instability for large Atwood numbers. The reason for
this instability is not clarified. Simulations of the higher-
order model for A�0.5 usually have large oscillations in the
solution, or stop in the middle of a run.

The self-similar behavior of the ratio of the bubble diam-
eter to the bubble height is well known in RT mixing

�16,17,19�. We examined this ratio for RM mixing, and
checked that the RM bubbles indeed grow self-similarly
with the aspect ratio. Figure 5 is the average of the ratio

�=2R̄ /h in the scale-invariant regime with respect to the

Atwood number, where R̄ is defined as the average radius of
curvatures of bubbles with positive velocities. In Fig. 5, we
see that the model gives ���1–1.3��0.05 for A
0.5. To
the author’s knowledge, there is no other published result for
the aspect ratio � in RM mixing. Oron et al. �17� assumed
that the parameter � for RM mixing is similar to that for RT
mixing. For the case of RT mixing, the result for � is about
0.4–0.6 �13,16�. Therefore, Fig. 5 shows that the similarity
parameter � for the RM mixing is twice larger than the RT
mixing.

We also run the simulations for N=40 bubbles. The re-
sults of the N=40 runs for the growth exponent and the
aspect ratio were ��0.3–0.38 and ��1.1–1.27 for A

0.5. The growth exponent from N=40 runs is nearly the
same as for N=20, and the aspect ratio has a narrower range.

In conclusion, the results from the present model showed
the critical importance of quantitative prediction for the
bubble curvature in the RM instability. It is found that the
growth exponent � and the aspect ratio � exhibit opposite
slopes with the Atwood number, but are overall insensitive to
the density ratio.
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